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We show that Dirac fermions moving in two spatial dimensions with a generalized dispersion
E ∼ pN , subject to an external magnetic field and coupled to a complex scalar field carrying a
vortex defect with winding number Q acquire NQ zero modes. This is the same as in the absence of
the magnetic field. Our proof is based on selection rules in the Landau level basis that dictate the
existence and the number of the zero modes. We show that the result is insensitive to the choice of
geometry and is naturally extended to general field profiles, where we also derive a generalization
of the Aharonov-Casher theorem. Experimental consequences of our results are briefly discussed.
Introduction.—Topological defects such as kinks in one
spatial dimension and vortices and domain walls in higher
dimensions frequently arise in physical systems as excita-
tions in a background quantum field or an ordered state
of matter. It was understood long ago that fermions mov-
ing in the background of a vortex defect can acquire frac-
tional quantum numbers relative to the smooth vacuum
background [1–4]. This fractionalization is mediated by
zero-energy bound states of fermions to the vortex. At
a domain wall, bound states turn into mid-gap propa-
gating modes along the wall that endow it with special
transport properties [5]. In either case the mid-gap spec-
trum and, in particular, the number of zero modes are
central to understanding the physical properties of the
combined system of fermions and defects [6]. Formally,
the number of zero-energy states is given by the index
of the Dirac Hamiltonian of the fermion-vortex system.
When the spectrum is symmetric, i.e. there is an opera-
tor Γ that anticommutes with the Dirac Hamiltonian H,
we may define the index [7]
indH ≡ Tr(Γ) = ν+ − ν−, (1)
where ν± is the number of zero modes that are eigen-
states of Γ with eigenvalue ±1. Index theorems relate
this number to the topological information encoded in
the scalar field [8].
An important system where such configurations arise
is the single- or multi-layer graphene with a spectral
gap due to a U(1) order parameter, such as Kekule´
bond density [9, 10], antiferromagnetic [11–13], supercon-
ducting [14–17], and quantum anomalous Hall [6] states.
The effective Hamiltonian of fermions in a system of N
Bernal-stacked layers of graphene is a generalized Dirac
form where the spinor structure comes from the sublat-
tices of the honeycomb lattice and the spectrum has band
touchings with energy E ∼ pN . Similar structures may
also arise by bringing together two graphene films sep-
arated by a dielectric spacer [18–23]. Then the order
parameter describes the superfluid state of interlayer ex-
citons driven by the Coulomb interaction between the
electrons and holes on the two films. For N = 1, the
zero modes are equivalent to those first found by Jackiw
and Rossi [24] and later studied in condensed-matter sys-
tems [9, 25–28]. The index is given by the total vortic-
ity [29]. This result was later extended to the case with
chiral and regular orbital fields [30, 31]. The mid-gap
spectrum in this system has been argued to explain the
critical behavior observed in graphene at high fields [32].
However, previous work used special forms of the Hamil-
tonian or arguments that seem difficult to extend to
N > 1, vortices of winding number Q > 1, and general
field profiles.
In this paper, we focus on the structure of the Hamil-
tonian and its selection rules instead of the details of
the corresponding differential equation to study the gen-
eralized fermion-vortex problem in magnetic field. The
selection rules can be most easily seen in the Landau
level basis when the order parameter vanishes. Working
with a uniform magnetic field first we show that selec-
tion rules reflect conserved quantities depending on the
choice of geometry and gauge. For example, in the ribbon
geometry and Landau gauge they reflect conservation of
transverse momentum, while in the Corbino disk geome-
try and symmetric gauge they reflect the conservation of
angular momentum. When the order parameter is adia-
batically turned on, the selection rules ensure the index
in Eq. (1) is exactly NQ. For a general field profile, Lan-
dau levels are mixed. Nevertheless, the zeroth Landau
level persists, a result first discovered by Aharonov and
Casher [33] in the case N = 1. We extend this result
to N > 1 and show that the selection rules in this case
also yield NQ zero-energy states so long as the gap is not
closed. This is the same number obtained in the absence
of magnetic field. Thus, we show that the magnetic field
does not affect the index.
Continuum hamiltonian.—Our starting point is the
continuum Hamiltonian,
H = γ0γ1V1 + γ0γ2V2 +M. (2)
The kinetic energy in the first term is given in terms of
the operators
V1 + iV2 = α(px + ipy)
N , (3)
where (px, py) ≡ p = −i∇ is the momentum oper-
ator, α is a parameter, and N is a positive integer.
The matrices γ0 and γ = (γ1, γ2, γ3) form a Clifford
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2algebra {γµ, γν} = 2δµν . For concreteness, we use the
Weyl representation γ0 = σ1 ⊗ 1,γ = −iσ2 ⊗ σ, and
γ5 = iγ0γ1γ2γ3 = σ3 ⊗ 1, where σ are the Pauli ma-
trices. The second term specifies the order parameter,
M = M1γ0 + iM2γ0γ5 with M1 + iM2 = |M(r)|e−iχ(r).
When N = 1, i.e. in the single-layer graphene α is the
Fermi velocity and the Hamiltonian acts on the spinor
ψ = (ψA+, ψB+, ψB−, ψA−)ᵀ, where A and B are the two
sublattices and the ± represent the valley index. In the
N -layer graphene this Hamiltonian provides a low-energy
effective description of the system with reduced degrees
of freedom [34].
The magnetic field is included through the substitu-
tion p 7→ p −A, where A is the vector potential. Then
H = σz ⊗ h(A) + M , where h(A) = α
(
0 pi†N
piN 0
)
,
and pi = px − Ax + i(py − Ay) satisfies [pi, pi†] = 2B.
For a uniform magnetic field pi is a ladder operator. In
the Landau gauge A = (−By, 0), px is conserved and
pi = px+By+ipy. Using periodic boundary conditions in
the x direction with length L, the spectrum of h is given
by eigenvectors e−i2piqx/LΦ(y − yq), where yq = 2piq/BL
is the guiding center,
Φ = Φns =
(
φn
sφn−N
)
, n ≥ N, s = ±1, (4)
with energy ns = sα(2B)
N/2
√
(n−N + 1) · · · (n− 1)n
and
Φ = Φn0 =
(
φn
0
)
, 0 ≤ n < N, (5)
with energy n0 = 0. Here n and q are integers and
φn(y) is the eigenvector of the harmonic operator (pi −
px)(pi
† − px) with eigenvalue 2nB. The guiding center
can range over the width W of the sample, resulting in
the degeneracy 0 ≤ q < D = WLB/(2pi) of the Landau
levels equal to the number of flux quanta in the system.
For a uniform mass, the full energy spectrum of H is
then found as ±√2ns + |M |2. For N = 1 spectrum this
reproduces the well-known result in graphene.
Vortex in the ribbon geometry.—Now we consider a
vortex in M of winding number Q. In the two dimen-
sional plane the mass term is M1 + iM2 = |M |e−iQθ
where θ denotes the azimuthal angle on the plane and
|M | vanishes at the vortex core. A topologically equiva-
lent geometry is an annulus (or Corbino disk) where |M |
is constant in the sample and vanishes in the central hole.
We may remove the position-dependent phase with a
unitary transformation H 7→ U†HU , U =
(
e−iQθ 0
0 1
)
,
at the expense of generating additional flux in the kinetic
energy, that is
H 7→
(
h(A + a) |M |
|M | −h(A)
)
, (6)
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FIG. 1. (color online) Topologically equivalent geometries:
Corbino disk (a), cylinder (b), and ribbon (c). In each geom-
etry the bulk is shaded (green), the two edges are shown by
thick solid and dashed (blue) lines, and the magnetic field is
shown by large (blue) arrows. The ‘radial’ direction connect-
ing the two edges is shown by the thin (orange) arrow. Also a
thick (green) line is shown to guide the eye on the orientation
of the magnetic field in the bulk. In the thermodynamic limit,
the edge shown by the dashed line is taken to infinity.
where a = Q∇θ is the vector potential corresponding to
the additional flux tube of Q quanta piercing the hole,∮
a · dr = 2piQ. In the context of quantum Hall effect,
the insertion of flux of Q flux quanta was shown to trans-
port Q electrons between the two edges of the Corbino
disk [35]. This adiabatic transport is the physical process
leading to zero modes in our problem.
The spectrum of H can be analyzed much more trans-
parently in a ribbon geometry, which is topologically
equivalent to the Corbino disk. It can in turn be flat-
tened to a strip of length L with the top and bottom
edges identified, i.e. with the periodic boundary condi-
tion imposed along the x direction [36]. Now the vector
potential a is simply a large gauge field,
∫ L
0
axdx = 2piQ,
and we may choose the gauge a = (2piQ/L, 0).
Selection rules.—The entire effect of the vortex has
now been reduced to a large gauge transformation in the
Hamiltonian projected by (1 + γ5)/2, i.e. in the block
h(A + a). This results in the adiabatic transport of Q
electrons from one edge to the other, shifting the guiding
center to yq = 2pi(q + Q)/BL. Therefore, for these pro-
jected states, labeled as |nqs+〉, −Q ≤ q < D − Q. By
contrast the states projected by (1 − γ5)/2 are labeled
|nqs−〉 with 0 ≤ q < D as before.
The off-diagonal M couples the projected states, but
it satisfies the selection rule
〈nqs+ |M |n′q′s′+〉 = 〈nqs− |M |n′q′s′−〉 = 0, (7)
〈nqs+ |M |n′q′s′−〉 = ss′µnn′(Q)δqq′ , (8)
with µnn′(Q) =
∫
φn(y − yQ)φn′(y)dy.
Index.—Assuming Q > 0 without loss of generality,
the full Hamiltonian in this basis is a direct sum of blocks
with vanishing elements 〈nqs+ |M |n′qs−〉 = 0 for −Q ≤
q < 0 and D − Q ≤ q < D. Consequently, the set
of states |nqs−〉 with q ∈ [−Q, 0) couple neither among
themselves nor to any state |n′q′s′+〉. The decoupling
is also true for the states |nqs+〉 with q ∈ [D − Q,D).
3Therefore, each of these state has the same energy as in
the case when there is no vortex in M . However, the
zero modes with 0 ≤ q < D−Q are now split away from
zero energy due to the coupling among themselves and
with non-zero energy states n ≥ N . The zero modes
|nq0±〉 are at the opposite edges of the ribbon. Thus,
in the thermodynamic limit of a semi-infinite ribbon, the
number of zero modes of the vortex Hamiltonian in the
ribbon geometry in the presence of magnetic field is NQ.
The Hamiltonian (2) anticommutes with the operator
Γ = γ0γ3. The zero modes can thus be chosen to be
eignestates of Γ and indH = Tr(Γ). The zero modes in
the ribbon geometry satisfy Γ|nq0±〉 = ±|nq0±〉. There-
fore, in the thermodynamic limit,
indH = NQ. (9)
The index is a topological quantity that does not depend
on smooth variations of geometry or choice of gauge. We
conclude that the index is NQ independent of the choices
of geometry and gauge we made so far. This is our central
result.
Vortex in the Corbino geometry.—To make the connec-
tion to the original planar geometry clear, we also con-
struct the spectrum of the Hamiltonian on the Corbino
disk in the limit where the radius of the inner hole
vanishes. The details of the derivations are given in
the Supplemental Material [7]. In the symmetric gauge
A = 12Brθˆ with the polar coordinates (r, θ), we have the
basis for the ladder operators piψnm = −i
√
nψn−1m+1
where n ∈ N ∪ {0} is a radial quantum number and
m ≥ −n is the angular momentum. The spectrum of
h(A) is then found to be given with eigenvectors
Ψnms =
(
iNψnm
sψn−Nm+N
)
, (10)
and energy ns for n ≥ N and eigenvectors
Ψnm0 =
(
ψnm
0
)
, (11)
with energy n0 = 0 for 0 ≤ n < N . One can show that
for the projection h|m onto the subspace with fixed m
dim kerh|m = NΘ(m)+(N+m)Θ(m+N)Θ(−m) (12)
with Θ the step function.
When the mass is nonzero and carries a vortex of
winding Q, the basis states |nms+〉 = (Ψmns, 0)ᵀ and
|nms−〉 = (0,Ψmns)ᵀ get coupled with the following se-
lection rules
〈nms+ |M |n′m′s′+〉 = 〈nms− |M |n′m′s′−〉 = 0,(13)
〈nms+ |M |n′m′s′−〉 = µ˜nn′m(Q, ss′)δmm′−Q, (14)
where the overlap µ˜ depends only on the sign ss′. Us-
ing these selection rules and the fact that Γ|mn0±〉 =
±|nm0±〉, one can show that the zero-energy states
can only split if they are coupled with opposite pro-
jections (see Supplemental Material [7]). For exam-
ple, for N = 3, Q = 2, the number of zero modes
for m = · · · ,−3,−2,−1, 0, 1, 2, . . . are, respectively,
· · · , 0, 1, 2, 2, 1, 0, . . . adding up to NQ = 6. In general
indH =
∑
m
(dim kerh|m − dim kerh|m−Q) = NQ,
(15)
as before.
General field profile.—Our analysis so far has been for
a constant magnetic field. However, the arguments lead-
ing to Eqs. (9) and (15) suggest that our result may be
more generally applicable. Indeed, the zero-energy states
of h(A) survive for a general profile of the magnetic field.
For N = 1 their number equals the total (integer) flux
enclosed by the system [33]. For N > 1, this result can
be generalized by writing Ax − iAy = −2i∂zϕ in the
Coulomb gauge, where z = x + iy and ϕ is the solution
to the Laplace equation ∇2ϕ = B. So, pi = 2(∂z¯ + ∂z¯ϕ).
The zero modes are then found to be(
e−ϕ(z,z¯)p(z¯)f(z)
0
)
, (16)
where p is a polynomial of order 0 ≤ n < N and f is an
entire function of z, ∂f/∂z¯ = 0. A basis can be chosen as
p(z¯) = z¯n, f(z) = zm+n. Then, regularity at the origin
yields m ≥ −n. Here m is the angular momentum and
n is a radial quantum number, as before. This basis is
not orthogonal; however, it has the same order as the one
chosen for the uniform field in the Corbino geometry.
For the general field, the existence of the gap cannot
be assured and needs to be explicitly checked for a given
profile. If the gap does not close, dim kerh|m is still well
defined and the same as that in constant field. The selec-
tion rules remain the same as well. Therefore the number
of zero modes is still given by Eq. (15).
Discussion.—The zero modes Ψi0(r), i = 1, · · · , N |Q|,
carry a valley spin texture, Ψ†i0(r)ΣΨi0(r), where Σ =
(γ0, iγ0γ5, γ5). Since the Hamiltonian anticommutes with
Γ = γ0γ3 and [γ5,Γ] = 0, the ground-state value 〈Σz〉 is
entirely determined by the zero modes:
〈Σz〉 = −1
2
∑
i
〈Ψi0|γ5|Ψi0〉 .
The magnitude and the direction of 〈Σz〉 is determined
by B. In particular sgn 〈Σz〉 ∝ sgnB. Therefore as the
vortex moves, 〈Σz〉 changes with B and a valley current
flux ∇ · jv ∝ r˙ ·∇B is produced. Assuming a symmetric
distribution of current, this amounts to a valley current
normal to the motion of the vortex. The magnitude of
the valley current depends on the number of zero modes.
The detailed form of the wavefunctions depends, of
course, on the choice of geometry. However, as we showed
4explicitly, as long as the topology is preserved, the num-
ber of zero modes is determined by an index theorem
connecting the analytical and topological indices of the
generalized Dirac operator. Our result agrees with pre-
vious studies for N = 1 [24] and for N = 2 [6] without a
magnetic field. Our extension to the case of finite mag-
netic fields and general N shows that the index is inde-
pendent of the external magnetic field as long as no gaps
are closed. It also determines the assignment of quantum
numbers (charge, spin) to vortices and skyrmions [6, 37],
and can have direct signatures in transport and critical
behavior of systems where generalized Dirac Hamiltoni-
ans govern the dynamics of low-energy excitations, no-
tably multi-layer graphene in magnetic field.
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SUPPLEMENTAL MATERIAL
Chiral symmetry and index
The generalized Dirac-vortex Hamiltonian in the coor-
dinate basis reads
H =
(
h(A) Me−iQθ
MeiQθ −h(A)
)
. (S1)
The diagonal parts correspond to the kinetic energy
terms for K+ and K− valleys in the representation. Since
the general vortex Hamiltonian anticommutes with the
chiral symmetry operator Γ = γ0γ3 =
(
σ3 0
0 −σ3
)
for
any N and Q, we may define the index associated with
it,
indH ≡ Tr(Γ) = ν+ − ν−, (S2)
where ν± are the number of zero modes of H that are
eigenstates of Γ with eigenvalue ±1.
To see this, we first unitarily map the original basis
(u+, v+, v+, u−) 7→ (u+, u−, v+, v−). In the new basis,
the Hamiltonian takes the form
H =
(
0 D†
D 0
)
, (S3)
with
D =
(
αpiN Me−iQθ
MeiQθ −αpi†N
)
. (S4)
In this basis, Γ = σ3⊗ 1. The index of H is then defined
in terms of the analytical index of D,
indH = dim kerD − dim kerD†. (S5)
5Since
H2 =
(
D†D 0
0 DD†
)
,
there is a one-to-one mapping between the zero modes ψ0
and φ0, respectively, of D and D
† to the zero modes Ψ0 =
(ψ0, 0)
ᵀ and Φ0 = (0, φ0)ᵀ of H, which are, respectively,
eigenstates of Γ with eigenvalues 1 and −1. Therefore,
dim kerD = ν+ and dim kerD
† = ν−. This completes
the proof.
Landau levels in the symmetric gauge
The momentum operator
pi = (px −Ax)− i(py −Ay),
with symmetric gauge (Ax, Ay) =
1
2B(−y, x). We as-
sume B > 0 without loss of generality. Writing ρ ≡
1
2Br
2, we have
pi = −ieiθ√ρ
(
∂
∂ρ
+
i
2ρ
∂
∂θ
+
1
2
)
.
It acts as the ladder operator to the basis functions,
piψnm = −i
√
nψn−1m+1 , (S6)
in which the basis functions are in the form of confluent
hypergeometric functions,[1, 2]
ψnm = Cnm e
imθe−ρ/2ρm/2 1F1(−n,m+ 1, ρ) , (S7)
with the normalization constant
Cnm =
1
`
[
1
m!
(
n+m
n
)]1/2
, (S8)
for m ≥ 0, and
ψnm = Cnm e
imθe−ρ/2ρ−m/2 1F1(−n−m, 1−m, ρ) ,
(S9)
with
Cnm =
1
`
[
1
|m|!
(
n
|m|
)]1/2
, (S10)
for m < 0. In fact, Eq. (S6) can be verified using the
following properties of hypergeometric functions,
d
dρ
1F1(a, b, ρ) =
a
b
1F1(a+ 1, b+ 1, ρ) , (S11)
[ρ
d
dρ
+ (b− 1)]1F1(a, b, ρ) = (b− 1) 1F1(a, b− 1, ρ) .
(S12)
From the expressions in Eqs. (S7) and (S9), and the
fact that the confluent hypergeometric functions 1F1 re-
duce to polynomial if the first argument is a nonpositive
integer, the allowed angular momenta for a given inte-
ger n ≥ 0 are m ≥ −n. Now one can readily show
that the eigenstates of the Dirac-Landau Hamiltonian
h(A) = α
(
0 pi†N
piN 0
)
are,
Ψnms =
1√
2
(
iNψnm
s ψn−Nm+N
)
, (S13)
with eigenvalues ns = sα(2B)
N/2
√
n!
(n−N)! . Here, s =
±1 and n ≥ N . The the zero-energy states are
Ψnm0 =
(
ψnm
0
)
, (S14)
for 0 ≤ n < N . Note that σ3Ψnm± = Ψnm∓ and
σ3Ψnm0 = +Ψnm0.
Zero modes and the index
We may project the Hamiltonian onto the Landau level
(LL) basis, obtaining an infinite-dimension matrix pre-
sentation of the Hamiltonian. Working with the basis
functions that are eigenstates of angular momentum, it
can be seen that in the presence of a mass vortex the
subspaces
HmQ = H+m ⊕H−m+Q, where (S15)
H+m = span
{(
Ψnm0
0
)
,
(
Ψnms
0
)}
, (S16)
H−m+Q = span
{(
0
Ψnm+Q0
)
,
(
0
Ψnm+Qs
)}
,(S17)
are decoupled for different values of m ∈ Z. (Recall
n ≥ −m.) Thus the matrix representation of H is re-
ducible. We denote the basis states in H±m with |nm0±〉
and |nms±〉.
Thus
indH =
∑
m
TrHmQ(Γ),
where the sum is over partial traces in the subspaceHmQ.
Since Γ|nm0±〉 = ±|nm0±〉 and Γ|nms±〉 = |nm− s±〉,
the partial trace is found to be
TrHmQ(Γ) = dim ker(h|m+Q)− dim ker(h|m), (S18)
where h|m is the projection of the Hamiltonian h(A) onto
the subspace with a given angular momentum m.
It is straightforward to see that
dim ker(h|m) = NΘ(m) + (N +m)Θ(m+N)Θ(−m).
(S19)
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FIG. S1. Landau level basis for N = 1. In each column the
states in the upper (lower) half are eigenstates of h(A) associ-
ated with K+ (K−) valley. Dimensionless energy E2 = n and
angular momentum m are used to label these states. Green
(blue) circles indicate that there is (are) one (two) state(s)
associated with the given n corresponding to ±E. Brown
dashed lines denote the coupling between the Landau levels
of different valleys as a result of the vortex with Q = 1. One
zero mode is found from the subspace included in the blue
ovals while the black one, like the rest of the sectors, does not
yield a zero mode.
Taking Q > 0 without loss of generality, two situations
arise. First, Q > N . Then
TrHmQ(Γ) =

N +Q+m −N −Q ≤ m ≤ −Q,
N −Q ≤ m ≤ −N,
−m −N ≤ m ≤ 0,
0 otherwise.
(S20)
Thus,
indH = N(N − 1) +N(Q−N + 1) = NQ. (S21)
Second, Q < N . Then
TrHmQ(Γ) =

N +Q+m −N −Q ≤ m ≤ −N,
Q −N ≤ m ≤ −Q,
−m −Q ≤ m ≤ 0,
0 otherwise.
(S22)
Again,
indH = Q(Q− 1) +Q(N −Q+ 1) = NQ. (S23)
In the followings, we shall demonstrate with a few ex-
amples that the number of zero-energy eigenvalues of H
is index(H).
Case of N = Q = 1
The LL’s in the subspaceH−1,1 are marked by the blue
ovals in Fig. S1. We shall demonstrate that the subma-
trix H1 for this subspace does yield one zero eigenvalue.
Now for simplicity we pick up a subset of 5 LL’s from
this sector that lie most close to zero energy,
{
 00
Ψ0,0,0
 ,
 00
Ψ1,0,±
 ,
 Ψ1,−1,±0
0
}N=1 , (S24)
where the subscript is to remind that the LL’s here cor-
respond to N = 1 in Eq. (S13) and (S14). Then the
submatrix has the following form,
H1 =

0 0 0 α1 α1
0 Ω1 0 β1 γ1
0 0 −Ω1 γ1 β1
α∗1 β
∗
1 γ
∗
1 Ω1 0
α∗1 γ
∗
1 β
∗
1 0 −Ω1
 , (S25)
in which the nonzero couplings represented by the Greek
letters are only between states of opposite valleys. It
should be noted that in the first row the matrix elements
α1 =
∫
rdrdθ [Ψ1,−1,±]†M(r)e−iθΨ0,0 , (S26)
representing the coupling between zero-energy LL of K+
and first LL’s in K− are identical. This is due to the chiral
symmetry of H. β1 and γ1 represent the two different
couplings between the first LL’s in both valleys. Ω1 refers
to the cyclotron energy for single layer graphene.
It can be shown that the ansatz column
(w, y, y, z,−z)T is the eigenstate of zero eigenvalue
of the approximating matrix H1. The unknowns can
be easily calculated, giving y/z = (γ1 − β1)/Ω1 and
w/z = −Ω1/α∗1 + (β∗1 + γ∗1)(β1 − γ1)/Ω1. Now the
approximating wavefunction for the zero mode reads,
|ψ0〉 =

0
−zψ0,0
w√
2
ψ0,0 + iyψ1,0
0
 , (S27)
where the same (opposite) signs appeared in the pair
of y’s (z’s) in the components are crucial such that the
above zero mode is also eigenstate of chirality operator
Γ. As more of the rest states are considered, the dimen-
sion of matrix increases by an even number as pairs of
states with same LL index n are included. We conclude
that the number of zero eigenvalue of the entire matrix
is indeed given by the sum,
∞∑
m=−∞
TrHm1(Γ) = 1, (S28)
in which only the partial trace for m = −1 is nonzero as
shown by H1.
Case of N = 2 and Q = 1
The same argument can be repeated in the case with
N = 2 and Q = 1. As shown in Fig. S2, the fact that
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FIG. S2. Landau level basis for N = 2 corresponding to
the Bernal-stacked bilayer graphene. Labels have the same
meaning as in Fig. S1. The blue ovals here are similar to its
counterparts in Fig. S1, and one zero mode is found. The
red ones contain three zero modes without the vortex, one of
which is unpaired when there is a vortex with Q = 1.
pi2|n = 1,m ≥ −1〉 = 0 result in the doubling of zero-
energy LL subspace, which means that dim ker(h|m) is
two for m ≥ 0, one for m = −1, and zero otherwise.
We first focus on the sector H−2,1 indicated by the blue
ovals, which is similar to the sector indicated by the blue
ovals in Fig. S1. It can be shown that the corresponding
submatrix has identical structure as H1 in Eq. (S25).
Then one can see that the zero mode solution is of the
form,
|ψ01〉 =
∑
n≥1
cn

0
0
ψn,−1
0
+∑
n≥0
dn

0
ψn,0
0
0
 , (S29)
where the coefficients cn and dn depend on the cyclotron
energy in bilayer and the overlap integrals between LL’s.
The second zero mode will be shown to come from
the subspace H−1,1 indicated by the red ovals which has
dim ker(h|−1) = 1 (red dashed oval) and dim ker(h|0) = 2
(red solid oval). We start with considering the five states
around zero energy,
{
 00
Ψ0,0,0
 ,
 00
Ψ1,0,0
 ,
 Ψ1,−1,00
0
 ,
 Ψ2,−1,±0
0
}N=2.
(S30)
The submatrix with nonzero matrix elements denoted by
Greek letters now reads,
H2 =

0 0 γ2 α2 α2
0 0 δ2 β2 β2
γ∗2 δ
∗
2 0 0 0
α∗2 β
∗
2 0 2Ω2 0
α∗2 β
∗
2 0 0 −2Ω2
 , (S31)
where Ω2 denotes the cyclotron energy in bi-
layer graphene. We find that the ansatz column
(δ∗2w,−γ∗2w, 0, z,−z)T correspond to the zero eigenvalue
of the approximating submatrix H2, and it is easy to
show that z/w =
β∗2γ
∗
2−α∗2δ∗2
2Ω2
. Consequently, the second
zero mode is of the form,
|ψ02〉 =
∑
n≥0
c′n

0
0
ψn,0
0
+∑
n≥0
d′n

0
ψn,1
0
0
 . (S32)
In the absence of field, the pair of zero modes in Eq. (S29)
and (S32) are related by an antilinear operator which
guarantees the doubling of zero mode.[3]
Case of N = Q = 2
Here the case for a double vortex in double layer is
worthwhile mentioning. The couplings of LL’s due to the
double vortex is shown in Fig. S3. The subspace H−3,2
indicated by the blue and H−1,2 indicated by the red
ovals can be shown to relate to the submatrices H1 in Eq.
(S25) and H2 in Eq. (S31), respectively. So each of them
results in one zero mode. The subspace H−2,2 indicated
by the purple ovals is different in that dim ker(h|−2) = 0
(purple dashed oval) and dim ker(h|0) = 2 (purple solid
oval), and we shall show that the number of zero modes
is indeed two. The submatrix associated with this sector
reads,
H3 =

0 0 0 0 α3 α3
0 0 0 0 β3 β3
0 0 2Ω2 0 γ3 δ3
0 0 0 −2Ω2 δ3 γ3
α∗3 β
∗
3 γ
∗
3 δ
∗
3 2Ω2 0
α∗3 β
∗
3 δ
∗
3 γ
∗
3 0 −2Ω2
 . (S33)
One can show that the two ansatz columns,
(w1, 0, y1, y1, z1,−z1)T and (0, w2, y2, y2, z2,−z2)T
yield zero eigenvalue. Those unknowns are also deter-
mined by the overlap integrals and Ω2. Consequently,
the present case of N = Q = 2 yields four zero modes.
Exact solution for N = Q = 1 in large vortex limit
Assuming that the size ξ of the vortex core in M(r)
is much larger than the size of the zero mode, which is
set by inverse M(∞) ≡ M∞, we may approximate[4–6]
M(r) = M∞r/ξ. The resultant Hamiltonian reads
H = γ0[α(pixγ1 + piyγ2) +M(r) (cos θ + i sin θγ5)],
= Ωc [pixΓ1 + piyΓ2 + λ(xΓ3 + yΓ5)] (S34)
where pii = pi − Ai and, in the second equation, the pa-
rameters Ωc =
√
2|B|α and λ = M∞/(Ωcξ
√|B|) and
the coordinates are rescaled as r → r√|B|/2. The ma-
trices Γ1 = γ0γ1,Γ2 = γ0γ2,Γ3 = γ0 and Γ5 = iγ0γ5
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FIG. S3. Same as Fig. S2 but the vortex has winding number
Q = 2. The blue and red ovals share the same structures with
their counterparts in Fig. S2, and two zero modes are found
from them. The purple ovals, on the other hand, contain two
zero modes without the vortex, both of which remain unpaired
in the presence of the vortex. Thus, a total of four zero modes
are found here.
form a closed Clifford algebra and each squares to iden-
tity matrix. The square of the Hamiltonian becomes a
sum,
H2 = Ω2c(F1 + F2) . (S35)
The first term comes from the orbital part, which reads
F1 = pi2x + pi2y + λ2(x2 + y2) , (S36)
In terms of the two operators
a = ∂x¯ +
x¯
2
, b = ∂y¯ +
y¯
2
, (S37)
where x¯ =
√
µx, µ =
√
1 + 4λ2 , we arrive at the follow-
ing,
F1 = µ
[
a†a+ b†b+ 1 +
i
µ
(a†b− b†a)
]
. (S38)
Observing the following commutators,
[F1, a†] = µa† − ib† , (S39)
and
[F1, b†] = µb† + ia† , (S40)
it can be shown that the new operators c†± =
1√
2
(a†∓ib†)
diagonalize F1 such that [F1, c†±] = (µ ± 1)c†±. Conse-
quently, the orbital contribution is expressed as,
F1 = (µ+ 1)c†+c+ + (µ− 1)c†−c− + µ , (S41)
which has the lower bound of energy µ.
The second term results from the commutators be-
tween coordinate and momentum operators,
F2 = λ[pix, x]Γ1Γ3 + λ[piy, y]Γ2Γ5 + [pix, piy]Γ1Γ2 , (S42)
which in the matrix form reads,
−ν 0 0 0
0 ν −2iλ 0
0 2iλ −ν 0
0 0 0 ν
 , (S43)
where ν = sgn(B) is defined from the commutator
[pix, piy] in Eq. (S42). In addition, it is useful to note that
F22 = 1+2λ2−2λ2Γ, where Γ = γ0γ3 = −Γ1Γ2Γ3Γ5. So,
that the eigenstates of F22 with eigenvalues 1 and µ2 are,
respectively, eigenstates of Γ with eigenvalue ±1. There-
fore, F2 acting on the zero mode should give −µ to cancel
the contribution of µ from F1.
Hence the orbital part of zero mode |ψ0〉 is found by,
a|ψ0〉 = b|ψ0〉 = 0 , (S44)
from which one can see that 〈x¯, y¯|ψ0〉 ∼ exp(− x¯2+y¯24 ) is
also annihilated by both c±. The spinor part of the zero
mode is determined by,
Γ|ψ0〉 = −|ψ0〉 , (S45)
F2|ψ0〉 = −µ|ψ0〉 . (S46)
It is interesting to observe that Eq. (S45) together with
(S46) act as projection onto the valleyspin- 12 subspace
supported on sublattice B. We may write P+ = (1−Γ)/2
as the projection onto sublattice B. The two-component
valley spinor (u, v)T is then determined by the projected
matrix F˜2 = P+F2P+ = 2λσy + νσz,
F˜2
(
u
v
)
= −µ
(
u
v
)
. (S47)
Now it is easy to show that the zero mode is,
|ψ0〉 ∝

0
2iλ
ν + µ
0
 exp(−18µ|B|r2
)
. (S48)
In the strong field limit, λ → 0 and µ → 1 + 2λ2, the
valley-spin of zero mode is anti-aligned with the external
field, i.e. 〈γ5〉 = −ν in the representation. On the other
hand, in the zero field limit, µ→ 2λ 1, the zero mode
has vanishing valley-spin projection, 〈γ5〉 = 0, which is
expected as the time-reversal invariance is restored.
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